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Abstract
We solve the Riemann-Hilbert problem on the sphere topology for three singular-
ities of finite strength and a fourth one infinitesimal, by determining perturbatively
the Poincare´ accessory parameters. In this way we compute the semiclassical four
point vertex function with three finite charges and a fourth infinitesimal. Some of
the results are extended to the case of n finite charges and m infinitesimal. With
the same technique we compute the exact Green function on the sphere with three
finite singularities. Turning to the full quantum problem we address the calcula-
tion of the quantum determinant on the background of three finite charges and
the further perturbative corrections. The zeta function technique provides a theory
which is not invariant under local conformal transformations. Instead by employing
a regularization suggested in the case of the pseudosphere by Zamolodchikov and
Zamolodchikov we obtain the correct quantum conformal dimensions from the one
loop calculation and we show explicitly that the two loop corrections do not change
such dimensions. We expect such a result to hold to all order perturbation theory.
1This work is supported in part by M.I.U.R.
1 Introduction
The quantization of Liouville field theory has been subject to intensive study. The hamil-
tonian quantization on a compact space, i.e. the circle, has been carried through in [1, 2];
the main result is that provided one properly tunes the anomalous contribution to the
energy momentum tensor, the regularized theory satisfies the Virasoro algebra.
From the functional point of view in the euclidean formulation a major difficulty is that
in absence of sources there is no stable background with sphere topology. The situation is
different in the case of the pseudosphere topology [3] where a stable background solution
exists around which a perturbative expansion can be developed [3, 4, 5]. Divergences
occur in the calculation of the graphs. In [3, 4, 5] it was proven that provided one chooses
a proper regularization of the Green function at coincident points one reproduces the
dimensions of the vertex operators and in particular of the cosmological term as derived
in the hamiltonian approach in [1, 2].
On the sphere, on the other hand, it is well known that in order to have a stable
background, sources have to be present, and such sources cannot be arbitrarily small as
they are subject to the Picard inequalities. Such inequalities in particular tell us that the
sources must be at least three. On the other hand the classical solution in presence of
three singularities is known in terms of hypergeometric functions [6].
The purpose of the present paper is to develop a perturbation theory starting from
the three point background such as to render the functional approach to Liouville theory
self consistent and completely independent of the hamiltonian approach. To such end it
is necessary to compute the Green function on the classical background of three generic
charges.
This is done in Sect.3 where the problem of computing the semiclassical four point
function with three finite charges plus a fourth infinitesimal is addressed. The result is
obtained by solving perturbatively the Riemann-Hilbert problem, i.e. providing a per-
turbative calculation of the Poincare´ accessory parameters which appears in the four
singularity problem. The result is obtained in terms of quadratures and as a by prod-
uct the exact Green function on the sphere with three arbitrary singularities is obtained,
provided such singularities satisfy the necessary Picard bounds.
Several of the obtained results can be extended to the semiclassical n + m point
functions where n charges are finite and the remaining m small and this is done in Sect.4.
In order to produce the quantum correlation functions one has to proceed with the
perturbative expansion where as in [3, 4, 5] the expansion parameter is the Liouville
coupling constant b.
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The first problem is to compute the functional determinant of the linearized problem
on the classical background. The problem is addressed in Sect.6. The most natural tool
in defining the functional determinant is the well known zeta function regularization.
However such regularization gives the cosmological term weights which are in contrast
with those required by local conformal invariance with the result that only the global
SL(2, C) invariance survives.
Thus a different regularization is developed for computing such a determinant. The
procedure, which is similar in spirit to the procedure of [7] is to compute the variation of
the determinant under small variation of the sources; the advantage of such a procedure
is to expose the role of the value of the Green function at coincident points. If the
Green function at coincident points is regularized according the proposal of Zamolodchikov
and Zamolodchikov in the context of the pseudosphere [3], one obtains dimensions for
the vertex operators which agree with those found in the hamiltonian approach and in
particular the cosmological term assumes weight (1, 1). The next problem is to examine
the higher order correction. In Sect.7 we perform a detailed computation of the two
loop contributions and we find that using the same regularization such contributions do
not alter the quantum anomalous dimensions found in the hamiltonian approach. In
providing the necessary cancellations the boundary terms appearing in the action play a
fundamental role.
In principle such computation can be carried on to arbitrary order perturbation theory
and one could use it to furnish a perturbative analysis of the three-point vertex function
conjectured in [8, 9] and derived in [10] and of higher point functions. Such investigation
will be the subject of a future paper.
2 Classical Liouville theory
The regularized classical action for the Liouville theory on the sphere in presence of N
sources is given by [8, 17]
SL[φ] = lim
εn→0
R→∞
{∫
Γε,R
[
1
pi
∂zφ∂z¯φ+ µe
2bφ
]
i
dz ∧ dz¯
2
+
Q
2pii
∮
∂ΓR
φ
(
dz
z
−
dz¯
z¯
)
+Q2 logR2
−
1
2pii
N∑
n=1
αn
∮
∂Γn
φ
(
dz
z − zn
−
dz¯
z¯ − z¯n
)
−
N∑
n=1
α2n log ε
2
n
}
(1)
where zn and αn are position and charge of the n-th source. The domain of integration
is the region Γε,R = {|z| < R} \
⋃
n {|z − zn| < εn}, ∂ΓR is the border around infinity
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while ∂Γn is the border around the n-th source. Here Q is a parameter linked to the
transformation law of the Liouville field. Classically its value is Q =
1
b
.
In order to examine the semiclassical limit of the N -point function it is useful [8] to
go over to the field ϕ = 2bφ. The corresponding charges are ηn = αn b and the action
takes the form
S[ϕ] = b2SL[φ] =
∫
Γε,R
[
1
4pi
∂zϕ∂z¯ϕ+ b
2µeϕ
]
i
dz ∧ dz¯
2
+
bQ
4pii
∮
∂ΓR
ϕ
(
dz
z
−
dz¯
z¯
)
+ (bQ)2 logR2
−
1
4pii
N∑
n=1
ηn
∮
∂Γn
ϕ
(
dz
z − zn
−
dz¯
z¯ − z¯n
)
−
N∑
n=1
η2n log ε
2
n. (2)
The field ϕ behaves like
 ϕ(z) = −2ηn log |z − zn|
2 +O(1) for z → zn
ϕ(z) = −2bQ log |z|2 +O(1) for z →∞.
(3)
We decompose the field ϕ into the sum of a classical background ϕB and a quantum
fluctuation ψ = 2bχ, ϕ = ϕB + 2bχ. The action SL becomes
SL[ϕB, χ] = Scl[ϕB] + SQ[ϕB, χ] (4)
where
Scl[ϕB] =
1
b2
[
1
8pi
∫
Γ
(
1
2
(∂aϕB)
2 + 8piµb2eϕB
)
d2z
−
N∑
n=1
(
ηn
1
4pii
∮
∂Γn
ϕB (
dz
z − zn
−
dz¯
z¯ − z¯n
) + η2n log ε
2
n
)
+
1
4pii
∮
∂ΓR
ϕB
(
dz
z
−
dz¯
z¯
)
+ logR2
]
(5)
and
SQ[ϕB, χ] =
1
4pi
∫
Γ
(
(∂aχ)
2 + 4piµeϕB(e2bχ − 1− 2bχ)
)
d2z
+ (2 + b2) lnR2 +
1
4pii
∮
∂ΓR
ϕB
(
dz
z
−
dz¯
z¯
)
+
b
2pii
∮
∂ΓR
χ
(
dz
z
−
dz¯
z¯
)
. (6)
The terms in the second row arise from having chosen Q = 1/b + b. With regard to the
classical action (5) we recall the Picard inequalities
 2ηn < 1∑N
n=1 ηn > 1
(7)
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which are implied the first by the finiteness of the area and the second by the Gauss-
Bonnet theorem.
From the classical action (5) one derives the equation of motion
−∆ϕ + 8piµb2 eϕ = 8pi
N∑
n=1
ηnδ
2(z − zn) (8)
whose solution is obtained [6] in terms of two independent solutions of the fuchsian equa-
tion
y′′(z) +
(
N∑
n=1
1− λ2n
4(z − zn)2
+
βn
2(z − zn)
)
y(z) = 0. (9)
Here in addition to the parameters λn = 1− 2ηn related to the charges, also the Poincare´
accessory parameters βn appear. These are in principle fixed by the monodromy require-
ments on the field ϕ. It can be shown that these accessory parameters must obey three
constraints 

∑N
n=1 βn = 0∑N
n=1 [2βnzn + (1− λ
2
n)] = 0∑N
n=1 [βnz
2
n + zn(1− λ
2
n)] = 0 .
(10)
In the case of only three singularities these constraints fix completely the form of the βn,
which we report here as we shall need them later


β1 =
λ21 + λ
2
2 − λ
2
3 − 1
2(z1 − z2)
+
λ21 − λ
2
2 + λ
2
3 − 1
2(z1 − z3)
β2 =
−λ21 + λ
2
2 + λ
2
3 − 1
2(z2 − z3)
−
λ21 + λ
2
2 − λ
2
3 − 1
2(z1 − z2)
β3 = −
−λ21 + λ
2
2 + λ
2
3 − 1
2(z2 − z3)
−
λ21 − λ
2
2 + λ
2
3 − 1
2(z1 − z3)
.
(11)
The solution of equation (8) is given by
eϕc =
1
piµb2
|w12|
2
(y2y¯2 − y1y¯1)
2 (12)
where w12 = y1y
′
2 − y
′
1y2 is the constant wronskian and the two solutions y1 and y2 of (9)
must be chosen in such a way that their monodromy group is SU(1, 1) in order to ensure
that the Liouville field ϕ(z) is one-valued on the whole complex plane. In the case of only
three singularities the conformal factor is given in terms of hypergeometric functions [6].
We recall two important relations to which the classical action, i.e. the action (5)
computed on the solution of the equation of motion (8), is subject. The first is easily
derived from the form of the action and reads
∂Scl
∂ηi
= −Xi (13)
4
where Xi is the finite part of the field ϕ at zi
ϕ(z) = −2ηi log |z − zi|
2 +Xi + o(|z − zi|). (14)
The second relation is the so called Polyakov relation [11, 12, 13, 14]
∂Scl
∂zi
= −
βi
2
(15)
which directly relate the accessory parameters to the classical Liouville action.
Using these two relations it is possible to compute the semiclassical limit of the three-
point function, which is related to the value of the classical action. We first consider the
case of singularities placed in z1 = 0, z2 = 1, z3 = ∞. The finite part of the Liouville
field ϕ can be computed starting from equation (12) and using the explicit form of the
solutions y1, y2 [6]. The result is
X1 = − log(piµb
2)− log
γ(η1 + η2 + η3 − 1)γ(η1 − η2 + η3)γ(η1 + η2 − η3)
γ2(2η1)γ(η2 + η3 − η1)
(16)
and cyclic permutations. Here we have defined as usual γ(x) = Γ(x)/Γ(1−x). Integrating
the differential system (13) one obtains [8]
Scl[0, 1,∞; η1, η2, η3] = S0 +
(
η1 + η2 + η3 −
3
2
)
log(piµb2) + 3F (1)
−F (2η1)− F (2η2)− F (2η3) + F (η1 + η2 + η3 − 1)
+F (η3 + η2 − η1) + F (η2 + η1 − η3) + F (η3 + η1 − η2) (17)
where the new function F is given by
F (x) =
∫ x
1/2
log γ(s) ds. (18)
The next step is to compute the zn dependence of the classical action, that is the semi-
classical conformal dimensions of the Liouville vertex operators. To this purpose we use
the Polyakov relation (15) and the explicit form of the accessory parameters for three
singularities (11). Equation (15) can be easily integrated to give
Scl[z1, z2, z3; η1, η2η3] = (δ1 + δ2 − δ3) log |z1 − z2|
2 + (δ2 + δ3 − δ1) log |z2 − z3|
2
(δ3 + δ1 − δ2) log |z3 − z1|
2 + Scl[0, 1,∞; η1, η2, η3] (19)
where δi = ηi(1− ηi).
In conclusion we have the following expression for the semiclassical limit of the three-point
function
〈Vα1(z1) Vα2(z2) Vα3(z3)〉sc = Csc(η1, η2, η3) |z1 − z2|
−2(∆sc
1
+∆sc
2
−∆sc
3
)
|z2 − z3|
−2(∆sc
2
+∆sc
3
−∆sc
1
) |z3 − z1|
−2(∆sc
3
+∆sc
1
−∆sc
2
) (20)
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where
Csc(η1, η2, η3) = exp
(
−
1
b2
Scl[0, 1,∞, η1, η2, η3]
)
∆sci = αi
(
1
b
− αi
)
. (21)
From eq.(8) we can obtain the area of the surface
A =
∫
eϕc d2z =
1
µb2

∑
j
ηj − 1

 . (22)
3 The semiclassical four point function
In this section we shall determine the classical action in presence of three finite singularities
and a fourth infinitesimal; such a calculation gives the semiclassical four point function for
vertices with three finite charges and the fourth small. As a byproduct we shall derive in
Sect.5 the exact Green function on the sphere with three arbitrary singularities satisfying
the Picard bounds.
The conformal factor with three arbitrary conical defects can be computed in terms
of hypergeometric functions and is well known [6]. The possibility of performing such
a calculation is related to the fact that for three singularities the Fuchs relations (10)
are sufficient for determining the accessory parameters βj. The procedure we shall use
in presence of a fourth weak singularity is to solve perturbatively the fuchsian equation
associated to the Liouville equation leaving the fourth small accessory parameter β4 free,
and then determine it by imposing the monodromy condition on the conformal factor.
Given four singularities, by means of an SL(2, C) transformation we can take three
of them in 0, 1,∞. The position of the fourth will be called t and the coefficient Q in the
fuchsian equation becomes
Q(z) =
1− λ21
4z2
+
1− λ22
4(z − 1)2
+
1− λ24
4(z − t)2
+
β1
2z
+
β2
2(z − 1)
+
β4
2(z − t)
. (23)
We notice that 1 − λi = 2ηi and in the case of three singularities the Picard inequalities
(7) impose 0 < ηi < 1/2. In presence of the fourth singularity the Fuchs relations
β1 =
2 + 2(t− 1)β4 − λ
2
1 − λ
2
2 − λ
2
4 + λ
2
3
2
β2 = −
2 + 2tβ4 − λ
2
1 − λ
2
2 − λ
2
4 + λ
2
3
2
(24)
are not sufficient to determine the β’s. For the source in t of infinitesimal strength we
shall write λ4 = 1− 2ε and β4 = εβ and our aim will be to determine β. We have
β1 =
1− λ21 − λ
2
2 + λ
2
3
2
+ ε [(t− 1)β + 2] +O(ε2)
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β2 = −
1− λ21 − λ
2
2 + λ
2
3
2
− ε [2 + tβ] +O(ε2) (25)
and we write
Q(z) = Q0(z) + ε q(z) (26)
where Q0(z) stays for the coefficient of the three singularity problem, while q(z) is the
perturbation
q(z) =
1
2
[
(t− 1)β + 2
z
−
2 + tβ
z − 1
+
β
z − t
+
2
(z − t)2
]
(27)
After writing y = y0 + δy, being y0 a solution of the unperturbed equation, we have to
first order in ε the inhomogeneous equation
(δy)′′ +Qδy = −q y0 . (28)
Such an equation can be solved by a well known method [15] and in our case we have
δyi = −
1
w12
∫ z
z0
dx [y1(x)y2(z)− y1(z)y2(x)] q(x)yi(x). (29)
being w12 = y1 y
′
2 − y
′
1 y2 the constant wronskian and z0 an arbitrary base point in the
complex plane. It will be useful to define the following integrals
Iij(z) ≡
∫ z
z0
dx yi(x)yj(x) q(x) (30)
and in term of them we have the following two independent solutions of the perturbed
problem
Y1(z) =
[
1 + ε
I12(z)
w12
]
y1(z)− ε
I11(z)
w12
y2(z)
Y2(z) = ε
I22(z)
w12
y1(z) +
[
1− ε
I12(z)
w12
]
y2(z) . (31)
We must now compute the monodromy matrices around 0, 1, t and impose on them the
SU(1, 1) nature. This will determine uniquely the parameter β and thus the perturbed
conformal factor. The calculation is given in Appendix A. We find
β = −4
κ y¯1y
′
1 − y¯2y
′
2
κ y¯1y1 − y¯2y2
(32)
being κ = |k0|
4 with k0 the parameter which appears in the three-singularity conformal
factor
e2bφ
0
c =
1
piµb2
w12
2
(|k0|2y1y¯1 − |k0|−2y2y¯2)
2 (33)
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and
e2bφc = eϕc =
1
piµb2
w12
2(
Z1Z¯1 − Z2Z¯2
)2 (34)
with
Z1(z) = k0
[(
1 + ε
I12(z) + h
w12
)
y1(z)− ε
I11(z)
w12
y2(z)
]
Z2(z) =
1
k0
[
ε
I22(z)
w12
y1(z) +
(
1− ε
I12(z) + h
w12
)
y2(z)
]
(35)
where the h is also given in Appendix A. The functions Z1, Z2 have SU(1, 1) monodromies
around all singularities and as such determine a globally monodromic conformal factor
satisfying the Liouville equation. We can now compute the conformal factor in presence
of our four sources to first order in ε
eϕc = eϕ
0
c
{
1− ε
2
w12 (κy1y¯1 − y2y¯2)[
(κy1y¯1 + y2y¯2)
(
I12 + I¯12 + h+ h¯
)
−y1y¯2
(
I22 + κI¯11
)
− y¯1y2
(
I¯22 + κI11
)]
+O(ε2)
}
≡ eϕ
0
c(1 + ε χ+O(ε2)). (36)
Thus
ϕc(z, z¯) = ϕ
0
c(z, z¯) + εχ(z, z¯) +O(ε
2). (37)
The perturbation χ has a singularity in t
χ(z, z¯) ∼ −4 log |z − t|+ c(t) + o(z − t) for z → t (38)
and in Sect.5 it is proven that χ is regular in 0, 1,∞. Eq.(32) gives the value of β4 to first
order β4 = εβ. Recalling the expression of the unperturbed conformal factor e
ϕ0c with
only three sources we have
β4 = −4ε e
ϕ0c/2 ∂z e
−ϕ0c/2
∣∣∣
z=t
= 2ε ∂zϕ
0
c(z)
∣∣∣
z=t
. (39)
We can exploit such a result and Polyakov relation to compute to order ε the classical
action for the new solution
∂Scl[η1, η2, η3, ε]
∂t
= −
β4
2
= −ε
∂ϕ0c
∂t
(40)
and thus
Scl[0, 1,∞, t; η1, η2, η3, η4] = Scl[0, 1,∞; η1, η2, η3]−η4 ϕ
0
c(t)+η4f(η1, η2, η3)+O(η
2
4). (41)
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We exploit now eq.(13)
−
∂Scl[0, 1,∞, t, η1, η2, η3, η4]
∂η4
= ϕ0c(t)− f(η1η2, η3) +O(η4) =
Finitez→t
(
ϕ0c(z) + η4(−4 log |z − t|+ c(t) + o(z − t)
)
+O(η24) =
ϕ0c(t) + η4c(t) +O(η
2
4) (42)
from which f(η1, η2, η3) = 0.
Thus for the semiclassical four point function with small α4 we have
〈Vα1(0)Vα2(1)Vα3(∞)Vα4(t)〉sc = 〈Vα1(0)Vα2(1)Vα3(∞)〉sc e
2α4φ0c(t). (43)
It is easily checked that the four point function (43) has the correct transformation prop-
erties with dimensions α4/b for the vertex field Vα4(z4) in agreement with the semiclassical
dimensions α4(1/b− α4) keeping in mind that we have been working to first order in α4,
and thus we can write to first order in α4
〈Vα1(z1)Vα2(z2)Vα3(z3)Vα4(z4)〉sc = 〈Vα1(z1)Vα2(z2)Vα3(z3)〉sc e
2α4φ0c(z4) . (44)
4 Generalization to n-point functions
We can generalize some of the results obtained above to n arbitrary sources and m in-
finitesimal sources. Let us start from the case in which we have n finite sources plus one
infinitesimal. Let us suppose to know a pair of solutions y1, y2 which produce the mon-
odromic conformal factor with n finite sources and which we know to exist. The discussion
we have been performing on the case of three sources which leads to the inhomogeneous
equation (28) remains valid also in this case; the only difference is that now we do not
know the explicit form of the unperturbed solutions y1, y2. Let us suppose the first three
finite sources to be in 0, 1,∞. Imposition of monodromy in 1 fixes the parameter k it
happens in the case of three finite singularities plus one infinitesimal. Then the accessory
parameter βt = εβ is again given by eq.(39)
β = 2∂z ϕ
0
c(z)
∣∣∣
z=t
(45)
where now ϕ0c is the conformal field which solves the problem in presence of the n finite
sources. Thus we have a general relation between the value of the accessory parameter
relative to the infinitesimal source in t and the conformal factor for the unperturbed
background and thus we can extend the result (44) to n finite sources plus an infinitesimal
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one. Finally due to the additive nature of the perturbation with m infinitesimal sources
we have in this case for the classical action
Scl[z1, ..zn, t1, ..tm; η1, ..ηn, ε1, ..εm] = S[z1, ..zn; η1, ..ηn]−
m∑
j=1
εm ϕ
0
c(tj) (46)
i.e. the n+m semiclassical correlation function has the value
〈Vα1(z1) . . . Vαn(zn) Vγ1(t1) . . . Vγm(tm)〉sc = 〈Vα1(z1) . . . Vαn(zn)〉sc
m∏
j=0
e2γjφ
0
c(tj). (47)
We stress again that the difference between the case of n finite sources plusm infinitesimal
ones and the case of three finite sources and one infinitesimal is that in the latter case we
have an explicit form, in terms of quadratures, of the four point function.
5 The Green function on the sphere with three sin-
gularities
From the above derived results we can extract the exact Green function on the sphere in
presence of three finite singularities. The equation for the Green function is
−∆ g(z, t) + 8piµb2eϕB(z) g(z, t) = 2pi δ2(z − t) (48)
where ϕB is the classical solution in presence of three finite singularities. Such a Green
function can be computed from the result obtained in Sect.3. In fact we have found a
solution to
−∆ϕ + 8piµb2 eϕ = 8pi
3∑
i=1
ηi δ
2(z − zi) + 8piεδ
2(z − t) (49)
for infinitesimal ε i.e. ϕ = ϕB + εχ. Substituting we obtain
−∆χ + 8piµb2eϕB χ = 8piδ2(z − t) (50)
i.e. we have g(z, t) =
χ
4
. From eq.(36) we have
g(z, t) = −
1
2w12 [κy1(z)y¯1(z¯)− y2(z)y¯2(z¯)]
{
[κy1(z)y¯1(z¯) + y2(z)y¯2(z¯)] ·
·
[
I12(z, t) + I¯12(z¯, t¯) + h(t) + h¯(t¯)
]
−y1(z)y¯2(z¯)
[
I22(z, t) + κI¯11(z¯, t¯)
]
−y¯1(z¯)y2(z)
[
I¯22(z¯, t¯) + κI11(z, t)
] }
. (51)
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It is possible to verify directly that (51) satisfies eq.(48) by using
∂Iij(z, t)
∂z
= yi(z)yj(z)q(z) (52)
and the fact that the wronskian w12 = y1(z)y
′
2(z)− y
′
1(z)y2(z) is constant and real. From
this it follows that expression (51) is completely general, i.e. it applies also for the case of
a background given by n finite sources with yi solutions of the related fuchsian equation.
Again the difference with the n = 3 case is that in the latter case we know the explicit form
of yi which are not known for n > 3. Equation (48) for the Green function is obviously
invariant under SL(2, C) transformations. Thus we can write the Green function for a
general location of the singularities in terms of the standard one with singularities in
0, 1,∞
g(z1, z2, z3; z, t) = g
(
0, 1,∞;
(z − z1)(z3 − z2)
(z3 − z)(z2 − z1)
,
(t− z1)(z3 − z2)
(z3 − t)(z2 − z1)
)
. (53)
It is possible to check that the explicit from (51) has the correct logarithmic singularity
at t
g(z, t) ∼ −
1
2
log |z − t|2 + . . . for z → t. (54)
In addition g(z, t) is regular on the three finite sources. By symmetry it is sufficient to
check this e.g. at z = 0. The integrals Iij(z) vanish for z = 0 and thus for z near to 0 we
have
g(z, t) ≃ −
|z|
1−λ1
2 (h+ h¯)
2w12|z|
1−λ1
2
= −
h + h¯
2w12
. (55)
Such regularity result allows us to derive a simple relation which will be useful in the
following; integrating eq.(48) on the whole complex plane excluding a disk of radius ε
around t, and then letting ε going to zero we obtain∫
eϕB(z) g(z, t) d2z = 2pi. (56)
One would expect the Green function g(z, t) to be symmetric in the arguments. This
is far from evident from the expression (51). The differential operator D = −∆LB + 1
is hermitean in the background metric eϕBd2z. As a result also its inverse G = D−1
is hermitean G = G+. G is represented by g(x, t) which is also real and thus we have
g(z, t) = g(t, z).
6 The quantum determinant
The complete action is given by eqs.(5) and (6) and the quantum n-point function by
〈Vα1(z1)Vα2(z2) . . . Vαn(zn)〉 = e
−Scl[φB ]
∫
D[χ] e−SQ . (57)
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We recall that Scl is O(1/b
2) while the quantum action is
SQ[ϕB, χ] =
1
2pi
∫
Γ
(
1
2
(∂aχ)
2 + 2piµeϕB(e2bχ − 1− 2bχ)
)
d2z
+
1
4pii
∮
∂ΓR
ϕB(
dz
z
−
dz¯
z¯
) + 2 logR2
+
b
2pii
∮
∂ΓR
χ(
dz
z
−
dz¯
z¯
) + b2 lnR2 (58)
where the first integral can be expanded as
1
4pi
∫
Γ
(
(∂aχ)
2 + 4piµeϕB(e2bχ − 1− 2bχ)
)
d2z =
1
4pi
∫
Γ
(
(∂aχ)
2 + 8piµb2eϕBχ2 + 8piµb2eϕB(
4bχ3
3!
+
8b2χ4
4!
+ . . .
)
d2z. (59)
From now on we shall denote by ϕB the classical solution with three singularities at
z1, z2, z3 and with charges η1, η2, η3. In performing the perturbative expansion in b we
have to keep the η1, η2, η3 constant [8]. The O(b
0) contribution to the three point function
is given by
(DetD)−
1
2 =
∫
D[χ]e−
∫
χ(z)Dχ(z)f(z)d2z (60)
where f(z) = 8piµb2eϕB(z) and
D =
1
4pi
(−∆LB + 1) (61)
being ∆LB = f
−1∆ the Laplace-Beltrami operator on the background f(z). It provides
the one loop quantum correction to the semiclassical result we have been discussing above.
The usual technique for defining the functional determinant is provided by the Z-
function procedure
ZD(s) = Tr(D
−s) =
∑
n
λ−sn (62)
and
Z ′D(0) = − log(DetD) = γEZD(0) + Finiteε→0
∫
∞
ε
dt
t
Tr(e−tD). (63)
We notice that the operator D is covariant under SL(2, C) transformations, thus all
the eigenvalues are invariant, and this gives rise to a definition of DetD invariant under
SL(2, C). This means that the semiclassical result for the dimensions of the vertex fields
e2αφ
∆sc(α) = α(
1
b
− α) =
1
b2
η(1− η) (64)
does not receive any O(b0) correction, as further quantum corrections which start from
order O(b2) cannot alter such a result. The situation is similar to the one discussed by
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D’Hoker, Freedman and Jackiw [16] and the one considered by Takhtajan [17] with the use
of an invariant regularization of the Green function (Hadamard regularization [18, 19])
and Q = 1/b. As already mentioned in the introduction such a regularization scheme
gives the cosmological term the weights (1− b2, 1− b2). In the following we shall pursue
a different regularization scheme.
To compute the determinant (60) we shall use a variational procedure similar to the one
employed in the standard heat kernel approach [7], with the simplifying feature that we
shall compute simply the derivative with respect to the three parameters ηj . We have
∂
∂ηj
(
log(DetD)−
1
2
)
= −2pib2
∫
∂ϕB
∂η1
(z)g(z, z)eϕB(z)d2z. (65)
In the above equation the Green function at coincident points appears and such a quantity
has to be regularized. We have already seen that the invariant Hadamard regularization
gives rise to a theory in which the cosmological term e2bφ(z) does not have weights (1, 1)
and as such does not give rise to a theory invariant under the whole (infinite dimensional)
conformal group.
We shall adopt here the regularization proposed by Zamolodchikov and Zamolodchikov
[3] (ZZ regulator) for perturbative calculations on the pseudosphere i.e.
g(z, z) = lim
z′→z
(g(z, z′) + log |z − z′|) . (66)
As under an SL(2, C) transformation
w =
az + b
cz + d
(67)
the Green function is invariant in value
gw(w,w′) = g(z, z′) (68)
we have
gw(w,w) = g(z, z) + log
∣∣∣∣∣∂w∂z
∣∣∣∣∣ = g(z, z) + log
∣∣∣∣∣ 1(cz + d)2
∣∣∣∣∣ . (69)
The above relation will play a major role in all subsequent developments.
Let us consider first the dilatation w = λz; we have gw(w,w) = g(z, z) + log |λ| and thus
using eq.(65) keeping in mind that from eq.(22)
2pib2
∫
∂ϕB
∂η1
(z)eϕB(z)d2z = 2 (70)
we have
∂
∂ηj
log
(
(DetD)−
1
2 (λz1, λz2, λz3)
)
=
∂
∂ηj
log
(
(DetD)−
1
2 (z1, z2, z3)
)
− 2 log |λ|
∑
j
ηj (71)
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where we evidenced the dependence of the determinant on the position of the singularities.
We remark that such a result is consistent with the known exact structure of the three-
point function given by eq.(20) with ∆scj replaced by the quantum anomalous dimensions
∆j = αj(Q− αj) = ∆
sc
j + bαj =
1
b2
ηj(1− ηj) + ηj . (72)
Thus what is left is to extend the above argument to the general SL(2, C) transformation
and to prove that the subsequent perturbative corrections O(b2n) do not alter the zj
dependence of the three-point function. We want to express
∂
∂ηj
log
(
(DetD)−
1
2 (z1, z2, z3)
)
(73)
in terms of
∂
∂ηj
log
(
(DetD)−
1
2 (0, 1,∞)
)
. (74)
The transformation which takes from z to w is given by
w =
(z − z1)(z3 − z2)
(z3 − z)(z2 − z1)
(75)
and consequently
ϕB(z) = ϕ
w
B(w) + 2 log
∣∣∣∣∣ (z3 − z1)(z3 − z2)(z3 − z)2(z2 − z1)
∣∣∣∣∣ (76)
and for the Green function at coincident points
gw(w,w) = g(z, z) + log
∣∣∣∣∣ (z3 − z1)(z3 − z2)(z3 − z)2(z2 − z1)
∣∣∣∣∣ . (77)
We obtain
∂
∂η1
log
(
(DetD)−
1
2 (z1, z2, z3)
)
= −2µb2
∫
∂ϕB
∂η1
(z)g(z, z)eϕB(z)d2z =
−2µb2 log
∣∣∣∣∣ z2 − z1(z3 − z1)(z3 − z2)
∣∣∣∣∣ ∂A∂η1 − 2µb2
∫
∂ϕwB
∂η1
(w)gw(w,w)eϕ
w
B(w)d2w
−2µb2
∫
∂ϕB(z)
∂η1
(z) log |z − z3|
2eϕB(z)d2z =
−2 log
∣∣∣∣∣ z2 − z1(z3 − z1)(z3 − z2)
∣∣∣∣∣− 2µb2
∫
∂ϕwB
∂η1
(w)gw(w,w)eϕ
w
B(w)d2w −
∂X3
∂η1
+
∂X∞
∂η1
−2 log |z3 − z1|
2 (78)
being X3 and X∞ the finite parts of the field ϕB(z) at z3 and ∞. The last three terms
are the result of performing the integral containing log |z − z3|
2 which can be computed
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by using the equation for the field ϕB(z). Thus
∂
∂η1
log
(
(DetD)−
1
2 (z1, z2, z3)
)
=
−2µb2
∫
∂ϕwB
∂η1
(z)gw(w,w)eϕ
w
B(z)d2w − 2 log
∣∣∣∣∣(z1 − z2)(z1 − z3)(z2 − z3)
∣∣∣∣∣
−
∂X3
∂η1
+
∂X∞
∂η1
(79)
and similarly
∂
∂η2
log
(
(DetD)−
1
2 (z1, z2, z3)
)
=
−2µb2
∫ ∂ϕwB
∂η2
(z)gw(w,w)eϕ
w
B(z)d2w − 2 log
∣∣∣∣∣(z2 − z3)(z2 − z1)(z3 − z1)
∣∣∣∣∣
−
∂X3
∂η2
+
∂X∞
∂η2
. (80)
On the other hand for the derivative with respect to η3 we find
∂
∂η3
log
(
(DetD)−
1
2 (z1, z2, z3)
)
=
−2µb2
∫
∂ϕwB
∂η2
(w)gw(w,w)eϕ
w
B(w)d2w − 2 log
∣∣∣∣∣ (z2 − z1)(z3 − z1)(z3 − z2)
∣∣∣∣∣
−
∂X3
∂η3
+
∂X∞
∂η3
. (81)
Recalling now eqs.(13,19) we see that
∂X3
∂η1
= −
∂Scl[z1, z2, z3, η1, η2, η3]
∂η1∂η3
(82)
is independent of zi, and similarly for
∂X3
∂η2
while we have
∂X3
∂η3
= −
∂Scl[z1, z2, z3, η1, η2, η3]
∂η23
− 4 log
∣∣∣∣∣ z1 − z2(z2 − z3)(z1 − z3)
∣∣∣∣∣ . (83)
We must now take into account the additional boundary term contribution in the action
(58)
1
4pii
∮
∂ΓR
ϕB
(
dz
z
−
dz¯
z¯
)
+ 2 logR2 = X∞ (84)
which has it origin in the fact that Q is not 1/b but 1/b + b. Summing up we have for
j = 1, 2, 3, k = 2, 3, 1, l = 3, 1, 2
∂
∂ηj
log((DetD)−
1
2 −
∂X∞
∂ηj
= fj(η1, η2, η3)− 2 log
∣∣∣∣∣(zj − zk)(zj − zl)(zk − zl)
∣∣∣∣∣ . (85)
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Integration of the above equation gives
c(η1, η2η3)−2(η1+η2−η3) log |z1−z2|−2(η2+η3−η1) log |z2−z3|−2(η3+η1−η2) log |z3−z1|
(86)
as O(b0) correction i.e. the one loop correction, and we have obtained the three-point
function with the correct quantum dimensions ∆j = ηj(1−ηj)/b
2+ηj . Thus the situation
is very similar to what happens on the pseudosphere, where the one loop corrections with
the ZZ regulator provide the exact quantum dimensions. On the pseudosphere is not
too difficult to prove that higher loop corrections do not change the quantum anomalous
dimensions of the vertex fields e2αφ. On the sphere due to the appearance of the boundary
terms the analysis is more complicated. We shall give here below the explicit calculation
proving that at two loop no change is induced in the dimensions of the vertex fields.
7 Two loop calculation
In this section we shall compute explicitly the two loop corrections to the three point
function. The interaction vertices relevant to the two loop calculation are
b
6pi
f(z)χ3(z),
b2
12pi
f(z)χ4(z). (87)
with f(z) = 8piµb2eϕB(z). One should not forget the interaction originating from the
boundary term in eq.(58) with action given by
SB =
b
2pii
∮
∂ΓR
χ(z)
(
dz
z
−
dz¯
z¯
)
. (88)
The relevant graphs are shown in fig.1. The explicit computation gives
(a) =
b2
8pi2
∫
g(z, z)f(z)d2zg(z, z′)d2z′f(z′)g(z′, z′) (89)
(b) = −
b2
4pi
∫
g(z, z)f(z)g(z, z)d2z (90)
(c) =
b2
4pi2i
∮
∂ΓR
(
dz
z
−
dz¯
z¯
)
g(z, z′)f(z′)d2z′g(z′, z′) (91)
and
(d) =
b2
2(2pii)2
∮
∂ΓR
(
dz
z
−
dz¯
z¯
)
g(z, z′)
∮
∂ΓR
(
dz′
z′
−
dz¯′
z¯′
)
. (92)
With regard to contribution (d) we notice it can be rewritten by performing the change
of variable w = −1/z as follows
(d) = b2 logR2 −
b2
2pi
∫ 2pi
0
log(4 sin2
φ
2
) dφ+ 2b2gw(0, 0). (93)
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We notice that the divergent part in logR2 is canceled by the term −2b2 logR appearing
to order b2 in the expansion of exp(−S) and this assures the finiteness of the O(b2)
computation for R→∞.
We have now to compute the change of the sum (a) + (b) + (c) + (d) under an SL(2, C)
transformation. For doing that it is simpler to prove separately the invariance under
translations, dilatations and inversions.
The invariance under translations is trivial; with regard to dilatations w = λz, (a) goes
over to
(a′) =
b2
8pi2
∫
gw(w,w)fw(w)d2wgw(w,w′)d2w′fw(w′)gw(w′, w′) =
(a) +
b2
4pi2
log |λ|
∫
f(z)d2zg(z, z′)d2z′f(z′)g(z′, z′)
+
b2
8pi2
(log |λ|)2
∫
f(z)d2zg(z, z′)d2z′f(z′) (94)
while (b) becomes
(b′) = (b)−
b2
2pi
log |λ|
∫
f(z)g(z, z)d2z −
b2
4pi
(log |λ|)2
∫
f(z)d2z. (95)
Using the relation ∫
f(z) g(z, z′) d2z = 2pi (96)
we see that the variation of (a) + (b) vanishes. Similarly one finds using eq.(93) that the
variation of (c) + (d) vanishes.
We are left to prove the invariance under the inversion w = −1/z. The variation of (a) is
computed as usual by performing integrations by parts
(a′) = (a) −
ib2
2pi2
∮
∂ΓR
dz¯ log zz¯ ∂z¯g(z, z
′) d2z′ f(z′) g(z′, z′)
−
b2
2pi
∫
d2z′ log zz¯ g(z′, z′)−
ib2
2pi2
∮
∂ΓR
dz
z
g(z, z′)f(z′)d2z′g(z′, z′)
−
b2
pi
∫
g(0, z′)d2z′f(z′)g(z′, z′) +
ib2
4pi2
∮
∂ΓR
dz¯∂zg(z, z
′) log zz¯f(z′)d2z′ log z′z¯′
+
b2
4pi
∫
log z′z¯′d2z′f(z′) log z′z¯′ +
ib2
4pi2
∮
∂ΓR
g(z, z′)
dz
z
f(z′)d2z′ log z′z¯′
+
b2
2pi
∫
g(0, z′)f(z′)d2z′ log z′z¯′ (97)
where the first and the fifth integral vanish in the R→∞ limit due to the appearance of
∂z¯g(z, z
′). On the other hand the variation of (b) is given by
(b′) = (b) +
b2
2pi
∫
log zz¯ f(z)d2zg(z, z)−
b2
4pi
∫
(log zz¯)2f(z)d2z. (98)
18
Similarly one computes the variation of (c)
(c′) = (c) +
b2
pi
∫
g(0, z)d2zf(z)g(z, z) +
b2
4pi2i
∮
∂ΓR
(
dz
z
−
dz¯
z¯
)g(z, z′)d2z′f(z′)g(z′, z′)
−
b2
pi
∫
g(0, z)d2zf(z) log zz¯ (99)
and the variation of (d)
(d′) = (d) −
b2
8pi2
(∮
∂Γ1/R
(
dz
z
−
dz¯
z¯
)g(z, z′)
∮
∂Γ1/R
(
dz
z
−
dz¯
z¯
)
−
∮
∂ΓR
(
dz
z
−
dz¯
z¯
)g(z, z′)
∮
∂ΓR
(
dz
z
−
dz¯
z¯
)
)
. (100)
Performing integrations by parts in the third and fourth integrals appearing in eq.(97)
we find that the variation of (a) + (b) + (c) + (d) under inversion vanishes and thus we
have invariance under the whole SL(2, C) group. In Appendix B we give the details of
the calculation.
8 Outlook and conclusions
In this paper we have provided a functional approach to the quantum Liouville theory
on the sphere, which does not make any appeal to the canonical quantization. We start
from the stable classical background solution in presence of three finite sources satisfying
the Picard bounds. We compute the semiclassical four point function with three finite
sources and the fourth weak which as a by product furnishes in terms of quadratures the
exact Green function on the background generated by three finite sources. Several of the
results obtained for the four point functions extend to the case of the semiclassical vertex
functions with n finite charges and m infinitesimal charges. The lowest order quantum
correction is provided by the determinant of the linearized problem on the Liouville three-
source background. The regularization suggested by Zamolodchikov and Zamolodchikov
in the context of the pseudosphere [3] gives rise to the quantum dimensions found in
the hamiltonian approach while the invariant (Hadamard) regularization of the Green
function fails to give the cosmological term the weight (1, 1). An explicit calculation
shows that the two loop correction do not alter such dimensions. We expect such a result
to hold to all order perturbation theory even if the presence of the contour terms, which
are essential to obtain the two loop result, makes the calculation not so straightforward
as in the case of the pseudosphere. The obtained results can be useful to perform a
perturbative analysis of the three-point vertex function conjectured in [8, 9] and derived
in [10] and of higher point functions.
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Appendix A
We give here the calculations of the monodromy matrices around 0, 1,∞, t and the pro-
cedure to impose on all of them the SU(1, 1) nature.
The behavior of the canonical unperturbed solutions around 0 is
y1(z) ≃ z
1−λ1
2 , y2(z) ≃ z
1+λ1
2 and q(z) ≃
(t− 1)β + 2
2z
+O(1) (101)
and one can obtain the behavior of the integrals Iij(z) as follows
I11(z) ≃ I11(0) +
∫ z
0
dx x1−λ1
(t− 1)β + 2
2
x−1
= I11(0) +
(t− 1)β + 2
2(1− λ1)
z1−λ1 (102)
I12(z) ≃ I12(0) +
(t− 1)β + 2
2
z (103)
I22(z) ≃ I22(0) +
(t− 1)β + 2
2(1 + λ1)
z1+λ1 (104)
and of the perturbed solutions
Y1(z) ≃
[
1 + ε
I12(0)
w12
]
z
1−λ1
2 − ε
I11(0)
w12
z
1+λ1
2 (105)
Y2(z) ≃ ε
I22(0)
w12
z
1−λ1
2 +
[
1− ε
I12(0)
w12
]
z
1+λ1
2 . (106)
Thus a pair of solution canonical around 0, i.e. providing around 0 a monodromic con-
formal factor is
U1 =
[
1− ε
I12(0)
w12
]
Y1 + ε
I11(0)
w12
Y2 ≃ z
1−λ1
2
U2 = −ε
I22(0)
w12
Y1 +
[
1 + ε
I12(0)
w12
]
Y2 ≃ z
1+λ1
2 . (107)
Obviously we can apply to the couple of eq.(107) a linear transformation which leaves
unchanged the diagonal form of the monodromy around 0
M0 =

 −e−ipiλ1 0
0 −eipiλ1

 (108)
20
and look for the solution which is monodromic everywhere in the class of linear combina-
tions. It will be useful to introduce a matrix notation to deal with such pair of solutions
Y = [1 + εN(z)] y
U = (1− ε P ) Y = Λ Y
N(z) =
1
w12

 I12(z) −I11(z)
I22(z) −I12(z)


P =
1
w12

 I12(0) −I11(0)
I22(0) −I12(0)

 . (109)
At this stage we recall the well known result about the monodromy of the canonical
unperturbed solution y1(z) and y2(z) around the point 1; setting ζ = 1− z we have
y1(z) ≃ A11 ζ
1−λ2
2 + A12 ζ
1+λ2
2
y2(z) ≃ A21 ζ
1−λ2
2 + A22 ζ
1+λ2
2 (110)
where the matrix Aij is given by
A =


Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)
Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
Γ(2− c)Γ(c− a− b)
Γ(1− a)Γ(1− b)
Γ(2− c)Γ(a+ b− c)
Γ(a− c+ 1)Γ(b− c+ 1)

 . (111)
Similarly to what done around z = 0 we can develop the integrals Iij(z) around 1 obtaining
I11(z) ≃ I11(1)−
2 + βt
2
[
A211
1− λ2
ζ1−λ2 + 2A11A12 ζ +
A212
1 + λ2
ζ1+λ2
]
(112)
I12(z) ≃ I12(1)−
2 + βt
2
[
A11A21
1− λ2
ζ1−λ2 + (A11A22 + A12A21) ζ+
+
A12A22
1 + λ2
ζ1+λ2
]
(113)
I22(z) ≃ I22(1)−
2 + βt
2
[
A221
1− λ2
ζ1−λ2 + 2A21A22 ζ +
A222
1 + λ2
ζ1+λ2
]
. (114)
Again from eq.(31) we have around z = 1, Y = y + εN y, where
N = N(1) =
1
w12

 I12(1) −I11(1)
I22(1) −I12(1)

 . (115)
Thus, if we denote by M
(0)
1 the monodromy matrix of the unperturbed problem around
1, we have after encircling 1
Y ′ = M
(0)
1 y + εNM
(0)
1 y =M
(0)
1 (1− εN)Y + εNM
(0)
1 Y
=
(
M
(0)
1 + ε
[
N,M
(0)
1
])
Y. (116)
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Thus the monodromy matrix around 1 for the canonical solutions U is
M1 = (1− εP )
(
M
(0)
1 + ε
[
N,M
(0)
1
])
(1 + εP )
= M
(0)
1 + ε
[
N − P,M
(0)
1
]
. (117)
We come to examine the monodromy matrix around the weak singularity located in t. At
t the unperturbed solutions are analytic and thus the only contribution to the monodromy
matrix comes from the integrals Iij(z)
Iij(z)→ Iij(z) +
∮
t
yi(x)yj(x)q(x) dx (118)
to obtain
δIij =
1
2
∮
t
yi(x)yj(x)
[
β
z − t
+
2
(z − t)2
]
dx
= ipi
[
βyi(x)yj(x) + 2 (yi(x)yj(x))
′
]
x=t
(119)
i.e. we obtain for Y the transformation
Y1 → Y1 +
ε
w12
[δI12 y1 − δI11 y2]
Y2 → Y2 +
ε
w12
[δI22 y1 − δI12 y2] (120)
and thus to order O(ε) we have for the monodromy matrix of the canonical solutions U
Mt = ΛMt(Y )Λ
−1 =

 1 + εδI12w12 −εδI11w12
εδI22w12 1− ε
δI12
w12

 =Mt(Y ). (121)
By construction the canonical solutions U have a monodromy matrix around 0 which is
an element of SU(1, 1). The only freedom left is the conjugation by a matrix of the form
K =

 k 0
0 1/k

 . (122)
We shall start by imposing the monodromy around t. We must impose
M˜t ≡ KMtK
−1 =

 1 + εδI12w12 −k2 εδI11w12
1
k2
εδI22w12
1− εδI12w12

 ∈ SU(1, 1) (123)
i.e. as such a matrix already belong to SL(2, C) it sufficient to impose
(M˜t)11 = (M˜t)22
(M˜t)12 = (M˜t)21 . (124)
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The first condition gives
β y1y2 + 2(y1y2)
′ = β¯ y¯1y¯2 + 2(y¯1y¯2)
′ (125)
where all yi are computed at t. The second condition gives k as a function of β
|k|4 = −
δI22
δI11
=
β¯y¯2y¯2 + 4y¯2y¯
′
2
βy1y1 + 4y1y
′
1
(126)
which by the way implies that δI11δI22 is real and negative which can also be written as
[
β¯y¯1y¯2 + 2(y¯1y¯2)
′
]2
− 4w212 > 0. (127)
We shall check after determining β such inequality. We come now to the imposition of
the monodromy at 1. The zero order value of K which we shall call K0 can be computed
from the three singularity monodromy matrix (111). Thus we shall pose
K =

 1 + ε hw12 0
0 1− ε hw12



 k0 0
0 1/k0

 = (1 + εH)K0 . (128)
Notice that as we are free to multiply K by an element diag(eiα, e−iα) of SU(1, 1), only the
real part of the parameter h is meaningful. The monodromy matrix of the new solutions
is given by
KM1K
−1 = (1 + εH)K0
(
M
(0)
1 + ε[N − P,M
(0)
1 ]
)
K−10 (1− εH)
= K0M
(0)
1 K
−1
0 + ε[H,K0M
(0)
1 K
−1
0 ] + εK0[N − P,M
(0)
1 ]K
−1
0
= D + ε
[
H +K0(N − P )K
−1
0 , K0M
(0)
1 K
−1
0
]
(129)
where we set D ≡ K0M
(0)
1 K
−1
0 , and we must impose
M˜1 ≡ KM1K
−1 = D + ε
[
H +K0(N − P )K
−1
0 , D
]
≡ D + ε[B,D] (130)
to be an element of SU(1, 1). The request D ∈ SU(1, 1) is equivalent to the three source
problem which has already been solved by fixing
|k0|
4 =
M
(0)
21
M
(0)
12
≡ κ. (131)
We notice that such a value of |k0|
4 is already sufficient to determine the value of β. In
fact Eqs.(125,126) furnish the system
 κ y¯1(β¯y¯1 + 4y¯
′
1) = y2(βy2 + 4y
′
2)
βy1y2 + 2(y1y2)
′ = β¯y¯1y¯2 + 2(y¯1y¯2)
′
(132)
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which gives
β = −2
−2|y2|
2y′2 + κy¯1(y¯2y¯
′
1 − y¯1y¯
′
2 + y2y
′
1 + y1y
′
2)
y2(κy¯1y1 − y¯2y2)
. (133)
Exploiting the fact that the wronskian of the two solution is real such expression can be
simplified to
β = −4
κ y¯1y
′
1 − y¯2y
′
2
κ y¯1y1 − y¯2y2
. (134)
We are left to determine the parameter h. We have detD = 1 and as a consequence also
det M˜1 = 1 +O(ε
2). The explicit form of the matrix B is
B =


h
w12 +
I12(1)− I12(0)
w12 −k
2
0
I11(1)− I11(0)
w12
I22(1)− I22(0)
k20w12
− hw12 −
I12(1)− I12(0)
w12

 (135)
which as expected is independent of the base point z0. From now on we shall fix z0 = 0
so that Iij(0) = 0. Defined C = [B,D] we must impose C12 = C¯21 and C11 = C¯22 keeping
in mind that already D ∈ SU(1, 1). The first relation gives the condition
B11 + B¯11 − B22 − B¯22 =
D11 − D¯11
D12
(B12 − B¯21) (136)
which can be rewritten as
h+ h¯ = −I12(1)− I¯12(1) +
A12A21 + A11A22
2
(
I11(1)
A11A12
+
I¯22(1)
A21A22
)
. (137)
The second relation can be rewritten as
A21A22 I11(1)− A11A12 I22(1) ∈ R. (138)
Due to the solubility of the four source problem as assured by Picard theorem such a
relation has to be satisfied and furnishes a non trivial relation among the integrals I11 and
I22 containing hypergeometric functions. We did not find such a relation in the standard
tables but as a check we verified it numerically to 10−12 precision. Thus we have reached
the following pair of solutions
Z1(z) = k0
[(
1 + ε
I12(z) + h
w12
)
y1(z)− ε
I11(z)
w12
y2(z)
]
Z2(z) =
1
k0
[
ε
I22(z)
w12
y1(z) +
(
1− ε
I12(z) + h
w12
)
y2(z)
]
(139)
which have SU(1, 1) monodromies around all singularities and as such determine a globally
monodromic conformal factor satisfying the Liouville equation
e2bφc = eϕc =
1
piµb2
w12
2(
Z1Z¯1 − Z2Z¯2
)2 (140)
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as Z1Z
′
2 − Z
′
1Z2 = w12 = const. At this stage we can verify the inequality (127). Substi-
tuting eq.(134) into (127) we have
[
β¯y¯1y¯2 + 2(y¯1y¯2)
′
]2
− 4w212 = 16
κ|y1|
2|y2|
2w212
(κ|y1|2 − |y2|2)2
> 0. (141)
Appendix B
We give here the details of the calculation which proves the invariance under inversion of
the two-loop contribution.
The first integral in eq.(97) vanishes for R → ∞ as the infinity is a regular point for
the Green function g(z, z′) and as such ∂z¯g(z, z
′) = O(1/|z|2) and the same holds for the
fifth integral. The (d′) − (d) term performing the change of variable w = −1/z can be
rewritten as
(d′)− (d) = 2b2 (g(0, 0)− gw(0, 0)) . (142)
Then summing all contributions we find
(a′) + (b′) + (c′) + (d′)− (a)− (b)− (c)− (d) =
b2i
4pi2
∮
∂ΓR
dz
z
g(z, z′)d2z′ log z′z¯′
−
b2
2pi
∫
g(0, z′)d2z′f(z′) log z′z¯′ + 2b2 (g(0, 0)− gw(0, 0))
=
b2
2pi
∫
gw(0, w′)fw(w′)d2w′ logw′w¯′ −
b2
2pi
∫
g(0, z′)f(z′)d2z′ log z′z¯′
+ 2b2 (g(0, 0)− gw(0, 0, )) . (143)
Using the differential equation for g(0, z′) and integrating by parts we find
b2
2pi
∫
g(0, z)f(z)d2z log zz¯ = 2b2g(0, 0)− 2b2g(0,∞) (144)
and thus we find for eq.(143) the value
2b2g(0,∞)− 2b2gw(0,∞) = 0 (145)
due to the invariance in value of the Green function g(z, z′) = gw(−1/z,−1/z′) and the
symmetry of the Green function.
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